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The absorption band shapes of the combined optical quantum transitions with creation of the two-
dimensional magnetoexcitons and simultaneous excitation of one background electron from its lowest to the
first-excited Landau level by circularly polarized radiation under the conditions of optical orientation and spin
polarization are investigated. The light absorption in the frame of dipole-active transition is described in the
second-order perturbation theory taking into account as the perturbations the electron-photon interaction and
the electron-electron Coulomb interaction. The Hamiltonian of the electron-photon interaction depends on the
directions of the light propagation and its circular polarization relative to the magnetic field direction and the
electron-heavy-hole alignment with regard to the plane of the layer. It is shown that the probability of the
combined absorption rate is four times larger if the optically created electron has the same spin projection as
the background electrons, compared to the case when the electrons have antiparallel spins. The probability of
quantum transition and the absorption band peaks decrease with the increased magnetic field as H−1/2 at a given
filling factor v2. If photocreated electron and hole have the same numbers of the Landau levels, ne=nh, the
quantum transitions are dipole active. If these numbers differ by one, the quantum transition is quadrupole
active, depends on the projections of the light wave vector on the plane of the layer, and vanishes in the
Faraday geometry.
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I. INTRODUCTION

The many-body combined quantum processes in the two-
dimensional �2D� electron gas �2DEG� in a magnetic field,
whose manifestation can be observed by characteristic fea-
tures in optical spectra, attracted considerable attention dur-
ing past years.1–20 A large variety of optically active excita-
tions including magnetoplasmons in quantum well
structures11 was discussed. The fractionally charged
quasiexcitons,12,15 dressed excitons,16 and anyon excitons17

can be formed if optically injected valence-band hole inter-
acts with the surrounding electrons forming 2DEG in the
regime of the fractional quantum Hall effect. Another aspect
of the many-body interaction is the many-particle scattering,
such as shake-up �SU� process in photoluminescence1–7 �PL�
and a closely related to the SU processes—the combined
exciton-cyclotron resonance �ExCR� in absorption spectra of
2DEG.8,9 All these processes take place when a supplemen-
tary e-h pair is optically created in the two-dimensional hole
gas �2DHG�. From experimental point of view, the system
response to the optical probe can reveal fine correlations un-
der these conditions. The recombination of the electron and
hole accompanied by ejection of the second electron to
higher Landau levels �LLs� gives rise to a fan of discrete
lines SUn with n=1,2 , . . . associated with different Landau
levels,4–6 which were observed in the PL spectra of high-
density 2DEG.2 The well-resolved new emission lines were
observed in the range of phonon replicas1 and the resonant
interaction between LO-phonon and shake-up satellites was
found in Ref. 4. The SU processes can also accompany the
trion recombination4 and they form an important evidence
for the three-body structure. The SU processes depend on the
density of background electrons, reflecting the single-particle

nature of the excitation in the dilute limit. At high electron
densities, the single-particle excitation transforms to creation
of magnetoplasmons displaying a nontrivial dispersion.11

The cyclotron replica AX+SU corresponding to shake-up
process with the participation of the acceptor-bound trion
AX+ was recently observed7 in 2DHG, where the magneto-
optical probing of the weak disorder in 2DHG was studied
with additional e-h pairs introduced into the system via pho-
toabsorption. The observed low energy tail is plausibly due
to inhomogeneous broadening related to different distances
between the acceptor and the trion X+ in a strong magnetic
field.

In the present paper we consider theory of the combined
ExCR in the low-density 2DEG system of a semiconductor
quantum well. First, the ExCR has been studied experimen-
tally and theoretically in Refs. 8 and 9 where the theory was
developed for a weak magnetic field when the magnetic
length is much larger than the exciton Bohr radius and the
exciton Rydberg constant is greater than the distance be-
tween the LLs. Here an incident photon creates a Wannier-
Mott exciton and simultaneously excites one of the resident
electrons from the lowest to higher LLs. The PL spectra, the
photoluminescence excitation �PLE� spectra, and reflectivity
spectra were used to determine the ExCR line. The energy
position of this line lies in the range of the Coulomb bound
states representing the discrete energy spectrum of the rela-
tive e-h motion of 2D Wannier-Mott exciton. It was found
that the ExCR line shifts linearly with the magnetic field
strength with a slope comparable to the electron cyclotron
frequency. While for higher illumination intensity, i.e., for
larger nel�r�, the exciton lines remain insensitive, the inten-
sity of the ExCR line increases and the ExCR line is strongly
�− polarized. Yakovlev and co-workers8,9 supposed that the
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modifications of the Wannier-Mott exciton wave functions
under the influence of magnetic field and background elec-
tron concentration are negligible. They found that the ob-
tained probability of the quantum transitions decreases with
the increase in the magnetic field. In the limit of a strong
magnetic field, ExCR was considered in Refs. 13, 14, and 20
in the frame of more general theory of the charged e-h com-
plexes.

In the present paper, we consider regime of strong mag-
netic fields when the distance between Landau levels is
larger than the exciton Rydberg and the magnetic length is
smaller than the exciton Bohr radius. Otherwise, we adopted
the same assumptions as in Refs. 8 and 9 assuming the con-
centration of the resident electrons to be small and that they
do not influence the structure of magnetoexcitons. In the case
of a strong magnetic field, this phenomenon can be described
in the frame of the first- and second-order perturbation theo-
ries taking into account as perturbations the electron-photon
interaction as well as the Coulomb electron-electron interac-
tion. The first-order approach uses the electron-photon inter-
action as a perturbation without addressing the Coulomb
electron-electron interaction. In this case, the described pro-
cess is a three-particle resonance involving two electrons and
one hole when the incident photon creates an exciton from
the hole and one background electron, whereas another opti-
cally excited electron is created directly on the excited Lan-
dau level. We developed a rigorous theory of the ExCR on
the base of the dipole-active quantum transitions in the frame
of the second-order perturbation theory using as perturba-
tions the electron-photon interaction and the electron-
electron Coulomb interaction. The developed theory also ex-
plains some features of recently observed7 luminescence
spectra in the two-dimensional hole gas accompanied by the
shake-up processes.

In a semiconductor quantum well structure of the type
CdTe, the electrons belong to s-type conduction band with
spin projections sz= �1 /2, whereas the heavy holes are
formed in p-type valence band with orbital momentum pro-
jection M = �1. The heavy holes with the total momentum
projections jz= �3 /2 and electrons with spin projection sz
= �1 /2 form electron-hole pairs with F=sz+ jz= �1 coin-
ciding with the orbital quantum number M. Without a mag-
netic field the band-to-band quantum transitions are allowed,
whereas in the presence of a strong perpendicular magnetic
field they are dipole active when the created e-h pair has the
same Landau quantum numbers ne=nh, and they are quadru-
pole active when the quantum numbers differ by 1, i.e., ne
=nh�1. It will be shown that in the later case the probability

of quantum transition is proportional to �Q� 2D�2, where Q� 2D is

the projection of the light wave vector Q� on the layer sur-
face, which vanishes in the Faraday geometry of excitation.

The paper is organized as follows. In Sec. II the Hamil-
tonian of the electron-radiation interaction is obtained in the
presence of a strong perpendicular magnetic field for the Far-
aday geometry when the light is propagating along the direc-
tion of the magnetic field and in the case of an arbitrary
orientation of the light wave vectors and their circular polar-
izations with regard to the direction of magnetic field and of
the magnetoexciton orbital momentum with projections M

= �1 formed by its heavy-hole component. The background
electrons can influence the form of the lowest magnetoexci-
ton absorption band itself creating its pedestal without par-
ticipating in the cyclotron quantum transitions. This can be
described in the frame of the first-order perturbation theory
taking into account the dipole-active optical transitions. The
combined quantum transitions with the creation of a magne-
toexciton with lowest quantum numbers of the Landau levels
for the electron and hole and excitation of a background
electron from the lowest to the first-excited Landau level are
considered in the second order of the perturbation theory
when the dipole-active optical quantum transitions are in-
volved in combination with the Coulomb electron-electron
interaction. The first step of the perturbation theory in the
frame of this model is the incident photon creating an
electron-hole pair. Optically created electron interacts with
one background electron giving rise to one electron in the
final magnetoexciton state and to another electron on the
excited Landau level. In the Landau gauge the electron states
are labeled by �n ; p�, where n is the quantum number of the
Landau quantization and p is one-dimensional �1D� wave
vector. Two electrons taking part in the Coulomb scattering
process have the initial quantum numbers �0; f� and �0;h�,
whereas their final quantum numbers are �1;R� and �0;T�.
The corresponding matrix element of the Coulomb electron-
electron interaction denoted as Fe-e�0, f ;0 ,h ;1 ,R ;0 ,T� was
studied in Refs. 21 and 22. In Sec. III the optical orientation,
spin polarization, and alignment of 2D magnetoexcitons in
the presence of background electrons are discussed. In Sec.
IV the absorption band shapes of the combined quantum
transitions are obtained in Faraday geometry for two circular
light polarizations. We conclude with a discussion of how
theoretical findings explain features of the optical spectra of
ExCR and the photoluminescence spectra of the 2DHG ob-
served recently in Ref. 7.

II. HAMILTONIAN OF THE ELECTRON-RADIATION
INTERACTION

We shall start with derivation of the electron-radiation
Hamiltonian in the second quantization representation for the
case of a 2D electron-hole system in a strong magnetic field
perpendicular to the surface of the semiconductor layer. We
consider the light with circular polarization �� k� around the
photon wave vector k� arbitrary oriented in the three-
dimensional �3D� space exciting the e-h pairs in the plane of
the 2D layer. The s-type conduction-band electrons with spin
projections along the magnetic field direction sz= �1 /2 and
the holes in the valence band with in-plane oriented p-type
orbital wave functions and orbital momentum projections on
the magnetic field direction M = �1 are discussed. Only two
of the six states of the heavy holes with total momentum
projections jz= �3 /2 will be taken into account. Together
with the electrons they form two states �e ,sz= +1 /2; h , jz
=−3 /2� and �e ,sz=−1 /2; h , jz= +3 /2� of the dipole-active
bright exciton with F=sz+ jz= �1 correspondingly. For
bright excitons the summary projection F coincides with the
orbital quantum number M.

We shall consider only the band-to-band quantum transi-
tions with the participation of the heavy holes. The electron-

MOSKALENKO, LIBERMAN, AND PODLESNY PHYSICAL REVIEW B 79, 125425 �2009�

125425-2



radiation interaction in the linear approximation on the

vector-potential A� �r�� in the coordinate representation is

He-rad = �−
e

m0c
��

i

A� �r�i�P�̂ , �1�

where i numerates the electrons of the semiconductor. The

vector potential A� �r�� of the electromagnetic field is deter-
mined as

A� �r�� = �
k�

�
j

�2��c2

V�Q
e�k�,j�eik�r�Ck�,j + e−ik�r�Ck�,j

† � . �2�

Here Ck�,j
† and Ck�,j are the photon creation and annihilation

operators with 3D wave vector k� and with linear polariza-
tions e�k�,1 and e�k�,2 obeying the transversality condition,

�e�k�,j · k�� = 0, j = 1,2 . �3�

�=ck is the photon frequency and V is the volume of the 3D
space, where the light is propagating in the surroundings of
the 2D layer with a surface area S. When the layer is embed-
ded inside the microcavity and the electromagnetic field is
confined between the mirrors of the resonator with the length
L, then V=SL.

The single electron wave functions have the forms of the
crystal Bloch functions and describe the electron in s-type
conduction band with sz= �1 /2 along the magnetic field di-
rection, as well as the electron in the p-type valence band
with spin-orbital coupling and quantum number j=3 /2 of the
total momentum. Only its projections jz= �3 /2 are in-
volved. The selected electron Bloch functions are

�c,s,1/2,q� =
eiq�r�

�V
Uc,s,q��r���↑� ,

�c,s,−1/2,q� =
eiq�r�

�V
Uc,s,q��r���↓� ,

�v,p,3/2,3/2,q� =
eiq�r�

�2V
	Uv,p,x,q��r�� + iUv,p,y,q��r��
�↑� ,

�v,p,3/2,−3/2,q� =
eiq�r�

�2V
	Uv,p,x,q��r�� − iUv,p,y,q��r��
�↓� . �4�

Here Uc,s,q��r��, Uv,p,x,q��r��, and Uv,p,y,q��r�� are the periodic parts
of the Bloch functions and the spin functions �↑ � and �↓ �
describe the spin orientation along the magnetic field. The x
and y axes are oriented in plane of the layer. In the bulk
crystals the envelope functions eiq�r�

�V
have the form of plane

waves. Two coordinate wave functions of the types �x� iy�
have the orbital momentum projections on the magnetic field
direction M = �1 and can be characterized by two circular
polarization vectors �� M,

�� M =
1
�2

�a�1 � ia�2�, M = � 1. �5�

Here a�1 and a�2 are the unit vectors in the directions of the x
and y axes. Side by side with circular polarization of the light
we have introduced the notion of circular polarization vec-
tors �� M of valence electrons, heavy holes, and magnetoexci-
tons. The values of M, or of the vectors �� M, characterize
supplementary the magnetoexciton states side by side with
the numbers, ne and nh, of the Landau levels of electron and
of hole correspondingly and with the 2D exciton wave vector
k�ex. The full set of quantum numbers is �ne ,nh ,M ,k�ex�. The
periodic parts of the Bloch wave functions remain the same
in the case of 2D layer, as in the bulk crystals. The 2D layer
has, in fact, a monoatomic width. The envelope functions in
Landau gauge have the forms

�n,q�r�� =
eiqx

�Lx

�n�x − ql0
2� . �6�

Here Lx is the linear dimension of the layer, l0
2= �c

eH is the
magnetic length, n is the number of the discrete level of
Landau quantization in one in-plane direction, and q is the
1D wave vector of the plane wave describing the transla-
tional motion in another in-plane direction perpendicular to
the previous one.

The wave functions of the conduction and valence elec-
trons and the corresponding creation and annihilation opera-
tors are denoted as

a�1/2,nc,q
† , a�1/2,nc,q, a�3/2,nv,q

† , a�3/2,nv,q. �7�

The spin projections sz= �1 /2 and Landau quantum number
nc describe the states of conduction electrons, whereas the
projections of the total momentum jz= �3 /2 and quantum
number nv concern the valence electrons.

Optical orientation effects are related with the absorption
and emission of the circularly polarized light, with vectors of
the circular polarizations,

�� k�
� =

1
�2

�e�k�,1 � ie�k�,2� ,

��� k�
��� =

1
�2

�e�k�,1 � ie�k�,2� . �8�

We introduce the photon creation and annihilation operators
with the same quantum numbers,

Ck�,� =
1
�2

�Ck�,1 � iCk�,2� ,

�Ck�,��† =
1
�2

�Ck�,1
†

� iCk�,2
† � . �9�

The relations between the operators in two different linear
and circular polarizations are
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�
j=1

2

Ck�,je�k�,j = �� k�
+Ck�,− + �� k�

−Ck�,+�
j=1

2

Ck�,j
† e�k�,j

= ��� k�
+���Ck�,−�† + ��� k�

−���Ck�,+�†

= �� k�
− 1
�2

�Ck�,1
† + iCk�,2

† � + �� k�
+ 1
�2

�Ck�,1
† − iCk�,2

† � .

�10�

The circular polarization �� k�
� has the orbital projections

Mk� = �1 on the direction of the wave vector k� correspond-
ingly. The annihilation of the photon with quantum number
�k� ,�� means the loss of the orbital projection Mk� = �1 in the
same direction.

The Hamiltonian of the electron-radiation interaction in
the second quantization representation describing only the
band-to-band optical transitions using the electron creation
and annihilation operators 	Eq. �7�
 is derived in Appendix A

and is represented by formula �A12�. It will be transcribed
below in the electron-hole creation and annihilation opera-
tors. We will take into account that the projections of heavy
hole jz and its wave vectors q have opposite signs to the
corresponding values of the valence electron. Due to
the negative value of the valence electron effective mass
mv=−�mv�=−mh their energy spectrum of the Landau quan-
tization is negative, which means that the hole’s energy spec-
trum of Landau quantization is positive at the same numbers
nv=nh. In the following the conduction electron will be
named simply as electron writing nc=ne. The creation and
annihilation operators are

a�1/2,ne,g = a�1/2,nc,g, b�3/2,nh,q
† = a�3/2,nv,−q, �11�

b�3/2,nh,q = a�3/2,nv,−q
† .

Being transcribed in these operators Hamiltonian �A12� takes
the form

Ĥe-rad = �−
e

m0
� �

k��kx,ky,kz�

�2��

V�k
�

ne,nh

�
p

�Pcv�ky,p�	�ne,p;nh,p − kx;ky��	Ck�,−��� k�
+ · �� 1� + Ck�,+��� k�

− · �� 1�
a1/2,ne,p
† b−3/2,nh,kx−p

†

+ 	Ck�,−��� k�
+ · �� −1� + Ck�,+��� k�

− · �� −1�
a−1/2,ne,p
† b3/2,nh,kx−p

† � + Pcv
� �− ky,p�	��ne,p;nh,p + kx;− ky��	Ck�,−��� k�

+ · �� −1�

+ Ck�,+��� k�
− · �� −1�
b−3/2,nh,−p−kx

a1/2,ne,p + 	Ck�,−��� k�
+ · �� 1� + Ck�,+��� k�

− · �� 1�
b3/2,nh,−p−kx
a−1/2,ne,p� + Pcv�− ky,p�	�ne,p;nh,p + kx;

− ky��	�Ck�,+�†��� k�
+ · �� 1� + �Ck�,−�†��� k�

− · �� 1�
a1/2,ne,p
† b−3/2,nh,−p−kx

† + 	�Ck�,+�†��� k�
+ · �� −1� + �Ck�,−�†��� k�

− · �� −1�
a−1/2,ne,p
† b3/2,nh,−p−kx

† �

+ Pcv
� �ky,p�	��ne,p;nh,p − kx;ky��	�Ck�,+�†��� k�

+ · �� −1� + �Ck�,−�†��� k�
− · �� −1�
b−3/2,nh,kx−pa1/2,ne,p

+ 	�Ck�,+�†��� k�
+ · �� 1� + �Ck�,−�†��� k�

− · �� 1�
b3/2,nh,kx−pa−1/2,ne,p�� . �12�

If one is interested only in the resonant part of Hamiltonian �12�, it has the form

Ĥe-rad = �−
e

m0
� �

k��kx,ky,kz�

�2��

V�k
�

ne,nh

�
p

�Pcv�ky,p�	�ne,p;nh,p − kx;ky��	Ck�,−��� k�
+ · �� 1� + Ck�,+��� k�

− · �� 1�
a1/2,ne,p
† b−3/2,nh,kx−p

†

+ 	Ck�,−��� k�
+ · �� −1� + Ck�,+��� k�

− · �� −1�
a−1/2,ne,p
† b3/2,nh,kx−p

† � + Pcv
� �ky,p�	��ne,p;nh,p − kx;ky��	�Ck�,+�†��� k�

+ · �� −1�

+ �Ck�,−�†��� k�
− · �� −1�
b−3/2,nh,kx−pa1/2,ne,p + 	�Ck�,+�†��� k�

+ · �� 1� + �Ck�,−�†��� k�
− · �� 1�
b3/2,nh,kx−pa−1/2,ne,p�� . �13�

In the case of Faraday geometry, when the light wave vector k� is parallel to the direction of magnetic field, when the
quadrupole-active quantum transition vanish and the supplementary requirement ne=nh holds, we can put �� k�

�=�� �1. In this
special case Hamiltonian �13� becomes

Ĥe-rad = �−
e

m0
� �

k��kx,ky,kz�

�2��

V�k
�

n
�

p

�Pcv�0,p�	Ck�,+a1/2,n,p
† b−3/2,n,−p

† + Ck�,−a−1/2,n,p
† b3/2,n,−p

† 
 + Pcv
� �0,p�	�Ck�,+�†b−3/2,n,−pa1/2,n,p

+ �Ck�,−�†b3/2,n,−pa−1/2,n,p
� . �14�

Hamiltonians �12�–�14� and �A12� demonstrate depen-
dences of the amplitudes of quantum transitions as well as of
their probabilities on the reciprocal orientations of the pho-

ton circular polarization vectors �� k�
� with regard to the circu-

lar polarization vectors �� M describing the heavy-hole orbital
structure. �� M becomes a supplementary characteristic of e-h

MOSKALENKO, LIBERMAN, AND PODLESNY PHYSICAL REVIEW B 79, 125425 �2009�

125425-4



pair as a whole as well as of the magnetoexciton. Different
orientations of �� k�

� relative to the layer are illustrated in Fig.
1. Their contributions to the probabilities of the quantum
transitions are expressed by the factors

f = ���� k�
� · �� M��2. �15�

As was mentioned above in the Faraday geometry when k�

is parallel to the magnetic field direction we have �� k�
�=�� �1.

For the case of the Voigt geometry the light wave vector k�
lies in the plane of the layer and its circular polarization
vectors are, for example, �� a�1

� = 1
�2

�a�2� ia�3�, where a�3 is the
unit vector in the direction perpendicular to the layer surface.
The scalar product of �� a�1

� with the circular polarization vec-

tors �� M = 1
�2

�a�1� ia�2� gives the probability factor
���� a�1

� ·�� M��2= 1
4 for four different combinations.

Another property of Hamiltonian �14� with axial symme-
try in the Faraday geometry is the conservation law for the
orbital momentum projections. For example, photons de-
scribed by the annihilation operators Ck�,� are accompanied
by the circular polarization vectors �� k�

� with the orbital mo-
mentum projections M = �1 correspondingly. After annihila-
tion of these photons the electron-hole pairs with the same
values of M will appear and vice versa.

This conservation law holds also in the case of antireso-
nant terms of the Hamiltonian with axial symmetry. The an-
tiresonant terms describe simultaneous creation and annihi-
lation of one photon and of one e-h pair with opposite sign
orbital momentum projections so that their summary projec-
tion equals zero. The conservation law does not hold if the
axial symmetry of the system is broken due to arbitrary di-
rection of the light propagation.

The exciton creation operators in Landau gauge can be
constructed following Refs. 21 and 22,

�ex
�n,m�†�k�,M = � 1� =

1
�N

�
t

eikytl0
2
a�1/2,n,kx/2+t

† b�3/2,m,kx/2−t
† .

�16�

They are characterized by the quantum numbers n and m of
Landau quantization levels for electron and for hole corre-
spondingly by the 2D wave vector k� with projections kx and
ky and by the combinations of the electron-spin projections
sz= �1 /2 and by the heavy-hole full momentum projection
jz= �3 /2, so that to form the resultant projections F=sz
+ jz=M = �1. The creation energy of the magnetoexciton
levels without Zeeman splitting is

Eex
�n,m��k�,sz, jz� = Eg +

1

2
��c
 + n��ce + m��ch − Iex

�n,m��k�� .

�17�

Here �ce, �ch, and �c
 are the cyclotron frequencies calcu-
lated for the electron, hole, and reduced exciton masses, me,
mh, and 
=

memh

me+mh
, correspondingly. The ionization potentials

of magnetoexcitons Iex
�n,m��k� essentially depend on the elec-

tron and hole Landau quantum numbers n and m.21,22 The
scheme of two magnetoexciton bands with quantum numbers
ne=nh=0 and ne=1, nh=0 is depicted in Fig. 2.

For the purposes of the present work we will need the
Hamiltonian of the electron-electron Coulomb interaction,
which has been derived in the papers21,22 and has the form

HC =
1

2 �
p�,q�,s�

�
n�,m�

�
�1,�2

Fe-e�0,p�;0,q�;n�,p� − s�;m�,q� + s��

�a�1,0,p�
† a�2,0,q�

† a�2,m�,q�+s�a�1,n�,p�−s� + H.c. �18�

Here only the Coulomb scattering of two electrons with
quantum transitions from the lowest Landau levels to two
excited Landau levels n�, m� was taken into account. The
matrix elements of Coulomb interaction
Fe-e�0, p� ;0 ,q� ;n� , p�−s� ;m� ,q�+s�� were calculated in
Refs. 21 and 22.

III. OPTICAL ORIENTATION, SPIN POLARIZATION, AND
ALIGNMENT OF 2D MAGNETOEXCITONS IN THE

PRESENCE OF BACKGROUND ELECTRONS

We shall consider the combined optical transitions with
creation of one magnetoexciton and simultaneous excitation
of one background electron from the lowest to the first-
excited Landau level. We suppose that in the initial state

there is a photon with wave vector Q� and circular polariza-
tion ��

Q�
�

on the direction of the wave vector, whereas the
background electrons have the spin polarization sz=1 /2
along the magnetic field and are situated on the lowest Lan-
dau level with ne=0. In the Landau gauge description their
states are characterized in addition by the dimensional wave

σM
→

σ k
→→

FIG. 1. The reciprocal orientations of the circularly polarized
vectors �� k�

� and �� M.

nh=0 nh=0

Eg 2D
Wannier-Mott
exciton

ne=0

ne=1

Eex(k)
(0, 0)

Eex(k)
(1, 0)

ne=1

Eex(k)+ħωce
(0, 0)

FIG. 2. The scheme of two magnetoexciton energy bands
Eex

�0,0��k� and Eex
�1,0��k� as well as of the combined magnetoexciton-

cyclotron-resonance energy band, Eex
�0,0��k�+��ce.
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vector T. One of them takes part in the initial state written in
the form

�i, � ;↑,0,T� = �CQ� ��†a1/2,0,T
† �0� , �19�

where �CQ� ��† and a1/2,0,T
† are the photon and electron cre-

ation operators and the photon creation operator carries the
circular polarization ��

Q�
�

.
In the final state the magnetoexciton is characterized by

the quantum numbers of Landau levels, by the 2D wave
vector k�ex, and by the orbital states of the heavy holes with
projections M = �1 on the direction of the external magnetic
field. These states can be characterized by the circular polar-
ization vector �� M. In our concrete case we will suppose ne
=nh=0. The final state �F� is represented by lowest magne-
toexciton band and by the background electron on the first
Landau level ne=1 with one-dimensional wave vector R as
follows:

�F,k�ex, � ;↑,1,R� = �̂ex
�0,0�†�k�ex, ��a1/2,1,R

† �0� . �20�

Creation of an electron-hole pair with definite values of sz
and jz by the circularly polarized light means the spin orien-
tation, whereas the creation of magnetoexcitons with definite
values of M means the optical alignment of the excitons.
These effects can be achieved only using the circularly po-
larized radiation and all of them are known as optical orien-
tation phenomena.23

We will consider below different geometries of excitation
including the Faraday geometry when the light propagation
direction coincides with the direction of the magnetic field as
well as the Voigt geometry when the light wave vector is
oriented in plane of the layer. For the Faraday geometry the
axial symmetry of the system is conserved and the light with
a given circular polarization creates magnetoexcitons with
the same circular polarization. The conservation law for the
circular polarization, i.e., for the angular-momentum projec-
tion on the magnetic field direction, holds. In Voigt geometry
of excitation the light with any circular polarization creates
magnetoexcitons with both circular polarizations with the
same probability. The combined quantum transitions with the
creation of a magnetoexciton with ne=nh and with the simul-
taneous excitation of a background electron can be described
in dipole approximation only in the second order of the per-
turbation theory. When ne=nh�1 this process can be de-
scribed in the first-order perturbation theory taking into ac-
count the quadrupole quantum transitions, whose amplitudes
are proportional to �Qx+ iQy�l0 and their probabilities are

proportional to �Q� 2D�2l0
2, where Q� 2D is a 2D vector. In the

Faraday geometry the wave vector Q� 2D equals zero and the
probability of quantum transition vanishes.

The intermediate states �u� in the second-order perturba-
tion theory involve the heavy holes and are also character-
ized by the quantum number M and by the hole circular
polarization along the magnetic field direction. They are

�u, � ,↑� = �u, � , f ,g;↑,0,h� = a�1/2,0,f
† b�3/2,0,g

† a1/2,0,h
† �0� .

�21�

Below, for simplicity, we will neglect the Zeeman splittings
of the electron, hole, and exciton levels.

The energies of the initial, final, and intermediate states
without Zeeman splittings are

Ei,↑ = ��Q + Eg +
1

2
��ce,

Eu,�,↑ = 2Eg +
1

2
��c
 +

1

2
��ce,

EF,�,↑ = 2Eg +
1

2
��c
 +

3

2
��ce − Iex

�0,0��k�ex� ,

Ei,↑ − Eu,�,↑ = ��Q − Eg −
1

2
��c
,

Ei,↑ − EF,�,↑ = ��Q − Eg −
1

2
��c
 − ��ce + Iex

�0,0��k�ex�

= � + Iex
�0,0��k�ex� . �22�

Here we introduce the energy detuning �,

� = ��Q − Eg −
1

2
��c
 − ��ce,

�c,e =
eH

mec
, �c,h =

eH

mhc
, �c,
 = �c,e + �c,h. �23�

The matrix elements of the electron-radiation interaction
Hamiltonian He-rad between the initial and the intermediate
states are

i, � ,↑,0,T�Ĥe-rad�u,− , f ,g;↑,0,h� = A�Qy,Qx − g����
Q�
�

· �� −1�

� 	kr�f ,Qx − g�kr�T,h� − kr�h,Qx − g�kr�T, f�
 ,

i, � ,↑,0,T�Ĥe-rad�u, + , f ,g;↑,0,h� = A�Qy,Qx − g�

����
Q�
�

· �� 1�kr�f ,Qx − g�kr�T,h� , �24�

where

A�Qy,Qx − g� = �−
e

m0
��2��

V�Q

�Pcv
� �Qy,Qx − g�	��0,Qx − g;0,− g;Qy� .

�25�

Two matrix elements 	Eq. �24�
 differ from each other
because the intermediate state �u ,− ,↑� does contain two elec-
trons with the same spin direction sz=1 /2 and they both,
being equivalent, take part interdependently in the optical
quantum transitions. By this reason first matrix element �24�
contains a direct and exchange terms. In the frame of the
intermediate state �u , + ,↑� the two electrons have different
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spins and they take part separately in the quantum transition.
This difference essentially influences the combined quantum
transition probability. The second step of the second-order
perturbation theory is constructed on the base of Coulomb
electron-electron interaction. In the frame of this step two
electrons of the intermediate state being on the lowest Lan-
dau levels ne1=ne2=0 will be transformed into two another
electrons, one in the composition of magnetoexciton with
ne=nh=0 and another electron on the first-excited Landau
level with ne=1. Participation of both electrons with differ-
ent spin orientations in Coulomb scattering processes is, of
course, different due to the direct and exchange Coulomb
interactions. In the second step of the perturbation theory the
matrix elements of the Coulomb e-e interaction do not van-
ish only between the intermediate and final states with the
same quantum number M because the light is not involved
and the symmetry of the 2D layer is conserved in the absence
of the light influence. The matrix elements of the Coulomb
interaction between the intermediate and the final states are

u,− ,↑�ĤC�F,− ,↑� = u,− , f ,g;↑,0,h�ĤC�F,− ,k�ex,↑,1,R�

=
kr�f + g + h − R,kx�

�N
eiky�kx/2−g�l0

2

� 	Fe-e�0,h;0, f ;1,R;0,kx − g�

− Fe-e�0, f ;0,h;1,R;0,kx − g�
 ,

u, + ,↑�ĤC�F, + ,↑� = u, + , f ,g;↑,0,h�ĤC�F, + ,k�ex,↑,1,R�

=
kr�f + g + h − R,kx�

�N
eiky�kx/2−g�l0

2

� Fe-e�0, f ;0,h;0,kx − g;1,R� ,

u, + ,↑�ĤC�F,− ,↑� = u,− ,↑�ĤC�F, + ,↑� = 0. �26�

The formulas 	Eq. �26�
 demonstrate the important role
played by the background electron, which together with the
optically new created electron takes part in the Coulomb
scattering process giving rise to direct and exchange interac-
tion terms in dependence on the spin directions of both elec-
trons.

The conservation laws for the x components of the pho-
ton, magnetoexciton, and background electron momenta,
which can be observed above, reflect the symmetry proper-
ties of 2D e-h system in a strong perpendicular magnetic
field revealed in Refs. 13, 20, and 24. Side by side with the

canonical momentum operator P̂ and kinematic momentum

operator �̂, the magnetic momentum operator K̂ was intro-

duced. Its square value K̂2 does commute with the Hamil-

tonian, whereas its components K̂x and K̂y do commute each
other when the e-h complexes are neutral such as excitons
and biexcitons and do not commute in the case of charged
e-h complexes as in the case of combined quantum transi-
tion. By this reason the momentum conservation law for
magnetoexciton-photon quantum transition is characterized

by the equality k�ex=Q� 2D for the 2D wave vectors, whereas

the combined quantum transition is governed by the conser-
vation law only for one component of the involved momenta.

For the opposite spin polarization of the background elec-
trons sz=−1 /2 there are new initial states �i , � ; ↓ ,0 ,T�, in-
termediate states �u , � , f ,g ; ↓ ,0 ,h�, and final states
�F ,k�ex , � ; ↓ ,1 ,R�, and the matrix elements of the electron-
radiation interaction are

i, � ;↓,0,T�Ĥe-rad�u, + , f ,g;↓,0,h� = ���
Q�
�

· �� 1�A�Qy,Qx − g�

� 	kr�f ,Qx − g�kr�h,T� − kr�h,Qx − g�kr�f ,T�
 ,

i, � ;↓,0,T�Ĥe-rad�u,− , f ,g;↓,0,h� = ���
Q�
�

· �� −1�A�Qy,Qx

− g�kr�f ,Qx − g�kr�h,T� . �27�

Notice that these matrix elements differ from expressions
	Eq. �24�
 by different polarizations �� −1 and �� 1. The matrix
elements of the electron-electron Coulomb interaction be-
tween the intermediate and the final states depend essentially
on the mutual spin orientation of the optically created elec-
trons and the background electrons. They are parallel in the
case u ,− ,↑�HC�F ,− ,↑� as well as in the case u ,
+ ,↓�HC�F , + ,↓�, while both are oriented in different direc-
tions of the magnetic field. In the same manner the matrix
element u ,− ,↓�HC�F ,− ,↓� coincides with the matrix ele-
ment u , + ,↑�HC�F , + ,↑� because in both cases the optically
created electron has spin projection opposite to the back-
ground electron and the result is determined by the second
expression in Eq. �26�.

First-order matrix elements �24� and �26� are used to cal-
culate the second-order matrix elements Z�i �F� using a gen-
eral formula,

Z�i�F� = �
u

i�Her�u�u�HC�F�
Ei − Eu

. �28�

They are calculated in Appendix B.
The probabilities of the quantum transitions are calculated

using the Fermi’s golden rule,

P��Q;i;F� =
2�

�
�Z�i�F��2�Ei − EF� , �29�

which after summation over the final states �F� it can be
expressed through the imaginary part of the response func-
tion S��Q , i� as follows:

�
�F�

P��Q;i;F� = −
2

�
Im S��Q,i� ,

where

S��Q,i� = i�Ĥer
1

Ei − H0 + i
ĤC

�
1

Ei − H0 + i
ĤC

1

Ei − H0 + i
Ĥer�i� �30�

and Ĥ0 is the zero-order Hamiltonian of the 2D electron-hole
system in a strong perpendicular magnetic field.
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To calculate the partial probabilities of the combined
quantum transitions we will need expressions �B3�, �B4�,
�B12�, and �B13�. On their base one can write

2�

�
�Z�+ ,k�ex − Q� 2D,↑,T,R��2 = kr�Qx + T,kx + R�

�
�2��2B��Q�

VN
�H�k�ex − Q� 2D��2,

2�

�
�Z�− ,k�ex − Q� 2D,↑,T,R��2 = kr�Qx + T,kx + R�

�4
�2��2B��Q�

VN
�H�k�ex − Q� 2D�

− F�k�ex − Q� 2D��2, �31�

where

B��Q� =
� e

m0
�2

�Pcv�2

�Q���Q − Eg −
1

2
��c
�2 . �32�

The probability of combined quantum transition with par-
ticipation of two electrons with parallel spins is proportional

to the coefficient �Z�−,k�ex−Q� 2D , ↑ ,T ,R��2. It contains a
supplementary factor 4 as compared with the probability ex-

pressed by the coefficient �Z�+,k�ex−Q� 2D , ↑ ,T ,R��2 describ-
ing participation of two electrons with antiparallel spin pro-
jections. Only the excitons states with M =−1 and with
combination of the electron-spin projection sz= +1 /2 and of
heavy-hole momentum projection jz=−3 /2 can supply an
optically created electron with the same spin projection as of
the background electrons. In the case when the background
electrons have the spin −1 /2, the magnetoexcitons with M
= +1, i.e., sz=−1 /2 and jz=3 /2, will be able to strongly fa-
vor the combined quantum transition. If the light with its
circular polarization can excite the magnetoexciton with M
=−1 in the presence of background electrons with spin pro-
jection sz=1 /2 the probability of combined quantum transi-
tion will strongly increase. If the light is able to excite the
magnetoexciton with M = +1 in the presence of background
electrons with spin projection sz=−1 /2, the effect will be
strong as in the previous case. In both cases the exchange

Coulomb term F�k�ex−Q� 2D� is present side by side with the

direct Coulomb term H�k�ex−Q� 2D�. As we will see in Sec. IV
the absorption band shapes in two cases 	Eq. �31�
 will also
be different.

For four different combinations of light circular polariza-
tion and electron-spin polarization, formula �29� gives the
following expressions for the probabilities:

P��Q;i, � ,↑;F,− ,↑� = 4����
Q�
�

· �� −1��2kr�Qx + T,kx + R�

�
�2��2B��Q�

NV
�H�k�ex − Q� 2D�

− F�k�ex − Q� 2D��2kr	� + Iex
�0,0��k��
 ,

P��Q;i, � ,↑;F, + ,↑� = ����
Q�
�

· �� 1��2kr�Qx + T,kx + R�

�
�2��2B��Q�

NV
�H�k�ex − Q� 2D��2kr

�	� + Iex
�0,0��k��
 . �33�

Expressions in Eq. �33� are proportional to 1 /N because we
took into account the participation in the quantum transition
of only one electron in the state �1 /2,0 ,T�. In reality their
full number Ne is equal to Nv2, where v2 is the filling factor
and their concentration is nel=v2 /2�l0

2. It means that the ob-
tained probability must be summarized over T and multiplied
by v2. The expressions 	Eq. �33�
 must be summarized also
on the quantum numbers k�ex and R of the final states taking
into account that

�
k�ex

=
S

�2��2� d2k�, V = SL , �34�

where L determines the dimension of the 3D space in the
direction perpendicular to the layer surface. After these sum-
mations we will find the full probabilities,

W =
v2S

�2��2�
T

�
R
� d2k�P��Q;i;F� . �35�

In the case of background electrons polarized in the direction
of the magnetic field, the probabilities are

W��Q; � ;− ;↑� = 4����
Q�
�

· �� −1��2
v2B��Q�

L

�� d2k��H�k� − Q� 2D� − F�k� − Q� 2D��2

� kr	� + Iex
�0,0��k��
 ,

W��Q; � ; + ;↑� = ����
Q�
�

· �� 1��2
v2B��Q�

L

�� d2k��H�k� − Q� 2D��2kr	� + Iex
�0,0��k��
 .

�36�

Thus for the case of background electrons polarized in the
direction opposite to the magnetic field, we find for the full
probabilities,

W��Q; � ; + ;↓� = 4����
Q�
�

· �� 1��2
v2B��Q�

L

�� d2k��H�k� − Q� 2D� − F�k� − Q� 2D��2

� kr	� + Iex
�0,0��k��
 ,
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W��Q; � ;− ;↓� = ����
Q�
�

· �� −1��2
v2B��Q�

L

�� d2k��H�k� − Q� 2D��2kr�� + Iex
�0,0��k��� .

�37�

Probabilities �36� and �37� depend on the values H�k� −Q� 2D�
and F�k� −Q� 2D�, which were calculated in Appendix B.

IV. ABSORPTION BAND SHAPES IN FARADAY
GEOMETRY AND TWO LIGHT CIRCULAR

POLARIZATIONS

The obtained expressions �36�, �37�, and �B14� depend
essentially on the orientation of the light wave vector projec-

tion Q� 2D on the plane of the layer. The simplest case corre-

sponds to the Faraday geometry when the wave vector Q� is

oriented along the magnetic field direction, Q� 2D=0, and the
circular polarizations of light ��

Q�
�

coincide with the circular

polarization vectors of magnetoexciton �� M, so that ��
Q�
+

=�� 1

and ��
Q�
−

=�� −1. It means that the light causes the alignment of
the magnetoexcitons.23 At the same time it means the spin
polarization of the electron-heavy-hole pair because the mag-
netoexciton with M =−1 is composed of the heavy hole with
jz=−3 /2 and electron with sz= +1 /2, whereas the magne-
toexciton with M = +1 is composed of the heavy hole with
jz=3 /2 and electron with sz=−1 /2.

If the optically created electron has the same spin projec-
tion as the background electron, then both electrons equally
take part in the combined quantum transitions. It results in
the enhanced probability of the quantum transition, four
times greater than in the case of two electrons with antipar-
allel spin projections. At the same time it influences the
forms of the band shapes giving rise to the contributions of
the direct and exchange Coulomb interactions in the case of
parallel spin projections or only of the direct Coulomb inter-
action in the case of antiparallel spin projections. Both these
peculiarities are reflected in the formulas for probabilities of
the quantum transitions,

W��Q;− ;− ;↑� =
8�v2

Ll0
2 IlB��Q��

0

�

xdxe−x2

�� 1

�
+

x2

8
�1F1�1

2
,2,

x2

2
��2�

���̃ + e−x2/4I0� x2

4
�� . �38�

Here x=kl and �̃=� / Il are the dimensionless wave vector
and the energy detuning. The ionization potential of the mag-
netoexciton Iex

�0,0��k� was taken in the form

Iex
�0,0��k� = Ile

−x2/4I0� x2

4
� , �39�

where I0�z� is the modified Bessel function25 and Il is the
ionization potential at the point k=0.

For another circular polarization, in the presence of the
same background electrons the probability of combined
quantum transition is

W��Q; + ; + ;↑� =
2�v2

Ll0
2 IlB��Q��

0

�

xdxe−x2


���̃ + e−x2/4I0� x2

4
�� . �40�

Integrals �38� and �40� determine the absorption band shapes
for two circular polarizations of the light in the Faraday ge-
ometry. The probabilities of another two quantum transitions
vanish,

W��Q;− ; + ;↑� = W��Q; + ;− ;↑� = 0. �41�

If the background electrons are spin polarized in another
direction with sz=−1 /2, the probabilities of the combined
quantum transitions in the Faraday geometry are

W��Q; + ; + ;↓� =
8�v2

Ll0
2 IlB��Q��

0

�

xdxe−x2

�� 1

�
+

x2

8
�1F1�1

2
,2,

x2

2
��2�

���̃ + e−x2/4I0� x2

4
�� ,

W��Q;− ;− ;↓� =
2�v2

Ll0
2 IlB��Q��

0

�

xdxe−x2


���̃ + e−x2/4I0� x2

4
�� ,

W��Q; + ;− ;↓� = W��Q;− ; + ;↓� = 0. �42�

The integrals in Eqs. �38�, �40�, and �42� together with the
coefficients B��Q� determine the band shapes for the whole

energy intervals of the absorption bands −1��̃�0. The
analytical expressions of the band shapes can be deduced in

the vicinities of the band edges �̃�0 and �̃�−1. For ex-

ample, in the regions −1��̃�−0.9 and −0.3��̃�0 the 
functions select different values of variable x, where the as-
ymptotical expressions of the modified Bessel function as
well as of the confluent hypergeometric function do exist.
They are

e−x2/4I0� x2

4
� = ��1 −

x2

4
� , 0 � x � 1

� 2

�

1

x
, 1 � x � � ,�

1F1�1

2
;2;x� = ��1 +

x

8
� , 0 � x � 1

ex

��x3/2 , 1 � x � � .� �43�
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In these two regions the integrals in Eqs. �38� and �40� can be simplified as follows:

f1��̃� = �
0

�

xdxe−x2� 1

�
+

x2

8
�1F1�1

2
,2,

x2

2
��2���̃ + e−x2/4I0� x2

4
��

= �
1

2
�

0

1

dye−y� 1

�
+

y

8
�1 +

y

8
����̃ + 1 −

y

4
� , − 1 � �̃ � − 0.9

�
1

�

xdxe−x2� 1

�
+

ex2

�x4���̃ +� 2

�

1

x
� , − 0.3 � �̃ � 0. � �44�

Taking into account that 	f�x�
= �x−a�
�f��x��x=a

, we obtained the analytical spectral dependences of the spectral function f1��̃�,

f1��̃� = �e−4�1+�̃�� 2

�
+ �1 + �̃� +

�1 + �̃�2

2
� , − 1 � �̃ � − 0.9

−
2

�2

e−2/���̃�2

��̃�3
−

�̃

2
, − 0.3 � �̃ � 0. � �45�

In the case of opposite circular polarization the spectral
function f2��̃� equals

f2��̃� =
1

�
�

0

�

xdxe−x2
��̃ + e−x2/4I0� x2

4
��

= �
2

�
e−4�1+�̃�, − 1 � �̃ � − 0.9

−
2

�2

e−2/���̃�2

��̃�3
, − 0.3 � �̃ � 0. � �46�

It can be obtained from expression �45� leaving only the first
terms in both limiting cases and removing the second and the
third terms.

The spectral functions f1��̃� and f2��̃� determining the
absorption band shapes for two circular polarizations of the
light in the Faraday geometry are depicted in Fig. 3. As one
can observe both spectral functions f1��̃� and f2��̃� have the
same maximal spectral width equal to 1 in nondimensional
energy units, which correspond to ionization potential Il of
magnetoexciton X00 at the point k=0. It means that all points
of the magnetoexciton band take part in the quantum transi-
tion due to participation of the background electrons. The
maximal width of the band shapes is the same for both cir-
cular polarizations because this feature is due exclusively to
the momentum conservation law in x in-plane direction in
the Landau gauge description. The x components of the wave
vectors of the initial photon Qx, of the magnetoexciton in the
final state kx, of the background electron in the initial state on
the LLL with the wave number T, and in the final state on the
first-excited LL with the wave number R are all intercon-
nected by the momentum conservation law in this direction,

Qx + T = kx + R .

At a given value of Qx, a magnetoexciton with arbitrary
value of kx has the possibility to take part in the combined

quantum transitions selecting the needed values T and R of
the background electron.

Another feature of the spectral functions is their behavior

in the spectral interval −1��̃�0. The spectral function

f1��̃� near the point �̃=−1 decreases linearly but with a

smaller slope than the function f2��̃�, which decreases also
linearly but faster. In the vicinity of another limiting point

�̃=0, the function f1��̃� decreases also linearly but faster
due exclusively to exchange Coulomb interaction term,

while the function f2��̃� has a sharp exponentially decreas-
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FIG. 3. Spectral functions f1��̃� �curve 1� and f2��̃� �curve 2�
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ing tail. The surface under the curve f1��̃� is larger under the

curve f2��̃�.
The final forms of probabilities �38�, �40�, and �42� for the

Faraday geometry are

W��Q;��
Q�
−

;− ;↑� =
8�v2

Ll0
2 IlB��Q�f1��̃� ,

W��Q;��
Q�
+

; + ;↑� =
2�v2

Ll0
2 IlB��Q�f2��̃� ,

W��Q;��
Q�
+

; + ;↓� =
8�v2

Ll0
2 IlB��Q�f1��̃� ,

W��Q;��
Q�
−

;− ;↓� =
2�v2

Ll0
2 IlB��Q�f2��̃� , �47�

where the coefficients B��Q� and the detunings � are given
by formulas �32� and �23� correspondingly.

The formulas 	Eq. �47�
 give the full description of the
probabilities of the combined quantum transitions and of
their band shapes expressed by the products of spectral func-

tions f i��̃� and of the coefficients B��Q�, containing resonant
denominators in the form

B��Q� �
1

�� + ��ce�2 �
1

�� + ��ce�2 + �2 . �48�

Here the damping � was introduced phenomenologically.
The energy detuning � can be changed in the interval −Il

���0 as it is determined by the spectral functions f i��̃�.
As was mentioned in Refs. 21 and 22, the above calculations
are true in the range of magnetic field, where the electron
cyclotron energy ��ce�H� exceeds the value of the ionization
potential Il�H� of magnetoexciton, i.e., in the case ��ce�H�
� Il�H�. For the parameter of GaAs and CdTe crystals it
means H�15–20T. For these conditions the largest influ-
ence of the coefficient B��Q� on the absorption band shapes
is expected in the spectral region ��−Il when ��ce= Il and
their sum ��+��ce� goes to zero. The calculations were
made using the damping �=0.1Il, supposing ��ce�H�
�2Il�H�.

In the above mentioned region the coefficient B��Q� is
proportional to H−2. The factor v2Il / l0

2 can be transcribed as
2�nelIl, where nel is the concentration of background elec-
trons, nel=v2 /2�l0

2. The factor v2Il / l0
2 is proportional to H3/2

for a given filling factor v2 or to H1/2 for a given electron
concentration. Therefore, the probabilities of transition de-
pend on magnetic field as H−1/2 for a given filling factor or as
H−3/2 at given concentration of background electrons.

The probabilities of the quantum transitions with partici-
pation of two electrons with parallel spins in their maxima
are four times larger than in the case of antiparallel spins.
This property was observed experimentally and discussed in
Ref. 8. One can see it in Fig. 2b of Ref. 8, where the curves
c and d correspond to �− and �+ polarized excitations. Yak-
ovlev et al.8 explained the strong circular polarization of the
exciton-cyclotron resonance �ExCR� line by the fact that the

new created electron has the same spin orientation as the
background electron. This qualitative suggestion coincides
with the results of the present paper.

The combined absorption band shapes for two light circu-
lar polarizations are depicted in Fig. 4 in arbitrary units for a
given filling factor v2 in dependence on the nondimensional

frequency detuning �̃ and on nondimensional parameter
characterizing magnetic field strength z=��ce�H� / Il�H�
��H. The shifts of two bands due to Zeeman splitting are
neglected. The widths of the band shapes are due to inhomo-
geneous broadening arising from the dispersion law of the
magnetoexciton energy band. For the magnetoexciton X00
with the electron-hole Landau levels ne=nh=0 the maximal
width is Il. The widths of the band shapes 1 and 2 at their
half heights in the case z=2 equal to 0.51Il and 0.22Il corre-
spondingly. They are much larger than the inhomogeneous
broadening of the spectrum introduced by the convolution
procedure in Ref. 20 using a Gaussian function of the 0.015
width. The inhomogeneous broadening is determined di-
rectly by the Coulomb electron-hole interaction, each of
them being in the state of Landau quantization with the dis-
tance �=kl0

2 between their orbits. Here k is the wave vector
of the center-of-mass motion, but we can represent the mag-
netoexciton energy band as a dependence on �. It permits to
generalize this result describing the impurity center in a
strong magnetic field. For example, in the case of an accep-
tor center A we can suppose that the hole is in a state of a
Landau quantization and the distance between the ion A− and
the hole orbit is R. The mean distance between the hole and
the ion A− will be equal to �l0

2+R2 and their Coulomb inter-
action will be equal to −e2 / ��0

�l0
2+R2�. It will generate an

energy band in dependence on R of the same type as the
exciton energy band in dependence on � and k. Here we have
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FIG. 4. The absorption band shapes for two circular polariza-
tions in arbitrary units for a given filling factor in dependence on

the frequency detuning �̃ and on a parameter Z=��ce / Il character-
izing the magnetic field strength.
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deal with the model of the impurity center in the presence of
a high magnetic field or with the model of the magnetoim-
purity center similar with the structure of the magnetoexci-
ton. In this model the AX+ impurity center will give rise to
AX+SU process with the photoluminescence spectrum of the
same type as in the case of the combined �ExCR� absorption
band shape. The low-energy tail in the AX+SU process will
be of the same type as the high-energy tail in ExCR absorp-
tion band. Both of them are due to the inhomogeneous
broadening, the origin of which is the Coulomb interaction.
In first case it is the Coulomb interaction between the Lan-
dau quantized hole and the ion A− whereas in the second
case it is the Coulomb interaction between the Landau quan-
tized electron and hole.

Looking at Fig. 4 one can observe that the both surfaces 1
and 2 are characterized by the decreasing heights when the
magnetic field strength increases. At the same time their
spectral widths are increased with the increasing magnetic
field. It can be observed if one returns to dimensional energy

detuning �= �̃Il�H�, whose maximal absolute value is Il, and
increases as �H with magnetic field strength. This property
of the absorption band shape is represented in Fig. 5, where
four sections of surface 1 from Fig. 4 are drawn for four
multiple values of the magnetic field strength H0. We se-
lected some magnetic field strength H0 and denoted by ��0
=��ce�H0� the electron cyclotron energy and by I0 the mag-
netoexciton ionization potential Il�H0�= I0, supposing that
��0� I0. The magnetic field strength values H being mul-
tiple to H0 are denoted as H=nH0, n�1. The corresponding
electron cyclotron energy ��ce�H� and ionization potentials
Il�H� can be expressed through ��0 and I0 as follows:

���nH0� = n��0, Il�nH0� = �nI0, n � 1.

Looking at Fig. 5 one can observe that simultaneously with
the decreasing in the absorption band shape heights as
1 /�H�1 /�n, the band shape widths are increasing as �n,
which results in the conservation of the band shape spectral
area at a given filling factor v2. At a given background elec-
tron concentration the heights are decreasing as H−3/2

whereas the widths are increasing as earlier proportional to
�H and the band shape spectral area is decreasing as 1 /H.

The combined magnetoexciton-cyclotron resonance can
be described in the first-order perturbation theory if the

quadrupole-active quantum transitions are taken into
account.8,9,20 The electron-hole pair �ne=1, sz=1 /2� and
�nh=0, jz=−3 /2� can be optically created only in the
quadrupole-active quantum transitions. In this case, as was
mentioned in Refs. 8 and 9 the optically created hole �nh
=0, jz=−3 /2� and the resident electron �ne=0, sz=1 /2�
form the magnetoexciton X�ne=nh=0, M =−1�, whereas the
optically created electron �ne= +1, sz=1 /2� is transformed
into a background electron on the excited Landau level. Tak-
ing this into account and using as earlier the constant ap-
proximation for the matrix element Pcv we obtain

W�� ;− ;↑� =
�v2

L�QIl�H�
� e

m0
�2

�Pcv�2�Q� 2D�2

�exp�−
�Q� 2D�2l0

2

2
�����

Q�
��

· �� −1��2

��
0

�

xdx��̃ + e−x2/4I0� x2

4
�� . �49�

It has the same dependence on the magnetic field as in the
case of dipole-active transition, but being quadrupole active

it is proportional to �Q� 2D�2 and vanishes in Faraday geometry

when Q� 2D=0. Its angular dependence on the light circular
polarization vector is the same as in the dipole-active transi-

tions. The spectral dependence of the band shape at �̃→−0

is singularly increasing as −1 / �̃3.
The combined quantum transitions can take place also

without cyclotron resonance, i.e., without excitation of the
background electron from the lowest to the first-excited Lan-
dau level. The resident electrons can accompany the creation
of a single magnetoexciton taking part only in the momen-
tum conservation law in the direction of translational sym-
metry in the Landau gauge description without necessity in
supplementary energy for the background electron excita-
tion. The implication of the background electron into the
magnetoexciton creation is expressed by the relation Qx+T
=kx+R, which permits the exciton with any values kx to be

excited by the photon with wave vector Q� . Because the quan-
tum numbers of the electron and hole Landau levels equal
each other ne=nh=0 this optical transition is dipole active,
does not vanish in the Faraday geometry, and can be de-
scribed in the first order of the perturbation theory. The ab-
sorption band shape has the same maximal width Il. It forms
a pedestal or a background absorption band proportional to
the background electron concentration. The pure magnetoex-
citon absorption band represents a sharp band because the

condition k�ex=Q� 2D holds, and it is installed over the pedestal
in its low energy part.

V. CONCLUSIONS

In the present paper the combined two-dimensional
magnetoexciton-cyclotron resonance was described as a
dipole-active transition in scope of the second-order pertur-
bation theory in perturbations of the electron-photon interac-
tion and the Coulomb electron-electron interactions. The ma-

Δ'=ħωQ-Eg-½ħωcμH0
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FIG. 5. The absorption band shapes of the combined quantum
transitions at a given filling factor and different magnetic field
strengths in dependence on the energy detuning ��=��Q−Eg

−1 /2��c
.
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trix elements of the electron-photon interaction are
proportional to the scalar product of the light and exciton
circular polarization vectors ���

Q�
��

·�� M�, so that the probabil-

ity of the optical transition is proportional to ����
Q�
��

·�� M��2.
The light circular polarization induces optical orientation in-
side the electron subsystem creating optical alignment of ex-
citons and spin polarization of electrons. Two possible pro-
jections of the magnetoexciton orbital momentum on the
magnetic field M =sz+ jz= �1 corresponding to the electron-
spin projections sz= �

1
2 and the heavy hole momentum pro-

jections jz= �
3
2 result in the electron-spin polarization. Spin

polarization of the optically created electrons is crucial for
the ExCR absorption. If the optically created electrons and
resident electrons are polarized in the same direction their
Coulomb interaction consists of the direct and exchange in-
teraction terms, which results in additional factor 4 in the
probability of quantum transition compared to the case of
electrons with antiparallel spins, which has been observed
experimentally.8,9

The spectral functions f i��� in the expression for prob-
abilities have the same maximal heights at the spectral point
�=−Il, which corresponds to the bottom of the exciton en-
ergy band. However, the width of the spectral functions is
different for different circular polarizations due to different
contributions of the direct and exchange Coulomb interac-
tions. Also different is the slopes of the spectral functions,
though their maximal bandwidth at the bottom is the same
and equals the ionization potential Il of the magnetoexciton.
The probability of transition decreases as 1 /�H with the

magnetic field at a given filling factor and as a H−3/2 at a
given electron concentration, which can be verified experi-
mentally. The maximum width Il of the band shape increases
as �H, so that the band shape spectral area remains constant
at a given filling factor and decreases as 1 /H for a given
electron concentration. This opens additional possibilities for
the experimental study of the energy spectrum of the system.
In particular, inhomogeneous broadening in the absorption
band of ExCR suggests a plausible explanation of the low-
energy tail in the photoluminescence band AX+SU observed
in Ref. 7.
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APPENDIX A: HAMILTONIAN OF THE BAND-TO-BAND
OPTICAL TRANSITIONS

The Hamiltonian of electron radiation �1� with the defini-
tion of vector potential �2� can be written in the second-
quantization representation as follows:

Ĥe-rad = �−
e

m0
� �

k��kx,ky,kz�

�2��

V�k
�

nc,nv

�
g,q
��Ck�,−��� k�

+ · P� �1

2
,nc,g;

3

2
;nv,q;k���

+ Ck�,+��� k�
− · P� �1

2
,nc,g;

3

2
;nv,q;k����a1/2,nc,g

† a3/2,nv,q + �Ck�,−��� k�
+ · P� �−

1

2
,nc,g;−

3

2
;nv,q;k���

+ Ck�,+��� k�
− · P� �−

1

2
,nc,g;−

3

2
;nv,q;k����a−1/2,nc,g

† a−3/2,nv,q + �Ck�,−��� k�
+ · P� �3

2
,nv,q;

1

2
;nc,g;k���

+ Ck�,+��� k�
− · P� �3

2
,nv,q;

1

2
;nc,g;k����a3/2,nv,q

† a1/2,nc,g + �Ck�,−��� k�
+ · P� �−

3

2
,nv,q;−

1

2
;nc,g;k���

+ Ck�,+��� k�
− · P� �−

3

2
,nv,q;−

1

2
;nc,g;k����a−3/2,nv,q

† a−1/2,nc,g + ��Ck�,+�†��� k�
+ · P� �1

2
,nc,g;

3

2
;nv,q;− k���

+ �Ck�,−�†��� k�
− · P� �1

2
,nc,g;

3

2
;nv,q;− k����a1/2,nc,g

† a3/2,nv,q + ��Ck�,+�†��� k�
+ · P� �−

1

2
,nc,g;−

3

2
;nv,q;− k���

+ �Ck�,−�†��� k�
− · P� �−

1

2
,nc,g;−

3

2
;nv,q;− k����a−1/2,nc,g

† a−3/2,nv,q + ��Ck�,+�†��� k�
+ · P� �3

2
,nv,q;

1

2
;nc,g;− k���

+ �Ck�,−�†��� k�
− · P� �3

2
,nv,q;

1

2
;nc,g;− k����a3/2,nv,q

† a1/2,nc,g + ��Ck�,+�†��� k�
+ · P� �−

3

2
,nv,q;−

1

2
;nc,g;− k���

+ �Ck�,−�†��� k�
− · P� �−

3

2
,nv,q;−

1

2
;nc,g;− k����a−3/2,nv,q

† a−1/2,nc,g� . �A1�
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Using the momentum operator in the form P�̂ =a�1P̂x+a�2P̂y
and the hole circular polarization vectors �� M 	Eq. �5�
, we
will transform the matrix elements in

��� k�
� · P� �1

2
,nc,g;

3

2
;nv,q;k���

=� �nc,g
� �r��Uc,s,g

� �r��eik�r�

�
1
�2

	��� k�
� · a�1�P̂x + ��� k�

� · a�2�P̂y
	Uv,p,x,q�r��

+ iUv,p,y,q�r��
�nv,q�r��dr� = ��� k�
� · �� 1�� �nc,g

� �r��Uc,s,g
� �r��eik�r�

� P̂xUv,p,x,q�r���nv,q�r��dr� = ��� k�
� · �� 1�A�nc,g;nv,q;k�� ,

��� k�
� · P� �3

2
,nv,q;

1

2
;nc,g;k���

=� �nv,q
� �r��	Uv,p,x,q

� �r�� − iUv,p,y,q
� �r��
eik�r�

�
1
�2

	��� k�
� · a�1�P̂x + ��� k�

� · a�2�P̂y
Uc,s,g�r���nc,g�r��dr�

= ��� k�
� · �� −1�B�nv,q;nc,g;k�� , �A2�

where

A�nc,g;nv,q;k��

=� �nc,g
� �r��Uc,s,g

� �r��eik�r�P̂xUv,p,x,q�r���nv,q�r��dr� ,

B�nv,q;nc,g;k��

=� �nv,q
� �r��Uv,p,x,q

� �r��eik�r�P̂xUc,s,g�r���nc,g�r��dr� .

�A3�

The coefficients in the expressions 	Eq. �A2�
 depend on the
scalar products of the vectors of circular polarization of the
propagating photon �� k�

� and of the valence electrons on the
layer �� M. The wave vector of the propagating photon has an
arbitrary direction, whereas �� M is oriented along magnetic
field direction. In obtaining the expressions 	Eq. �A2�
 some
simplifications were made. It was supposed that

� �nc,g
� �r��Uc,s,g

� �r��eik�r�P̂xUv,p,x,q�r���nv,q�r��dr�

=� �nc,g
� �r��Uc,s,g

� �r��eik�r�P̂yUv,p,y,q�r���nv,g�r��dr� �A4�

and

� �nc,g
� �r��Uc,s,g

� �r��eik�r�P̂xUv,p,y,q�r���nv,q�r��dr�

=� �nc,g
� �r��Uc,s,g

� �r��eik�r�P̂yUv,p,x,q�r���nv,g�r��dr� = 0.

�A5�

They are justified by the orthogonality relation of the peri-
odic parts of the Bloch functions when they belong to differ-
ent bands and are integrated over the volume v0 of the lattice
elementary cell as follows:

1

v0
�

v0

d��Uc,s,g
� ����Uv,p,�,q���� = 0, � = x,y ,

1

v0
�

v0

d��Uc,s,g
� ����

�

��y
Uv,p,x,q���� = 0. �A6�

Here v0=a0
3 and a0 is the lattice constant.

By definition the matrix element of the band-to-band tran-
sition is

Pcv�k�,g� =
a0

v0
�

v0

d��Uc,s,g
� ����eik����− i�

�

��x
�Uv,p,x,g−kx

���� .

�A7�

In the case of conduction and valence bands of different
parity such matrix element is considered to be of allowed
type under the classification of Elliott26 and does not depend
on the wave vectors k� and g. It is true for small deviation of
the wave vectors k� and g from the center of the Brillouin
zone. While the light wave vector k� satisfies to this condi-
tion, this dependence must be taken into account for the ar-
bitrary values of g. One possibility is the step function when
Pcv is a constant in the interval 0�gl0�1 and equals zero at
gl0�1.

For the integration over the volume of the elementary cell
v0, the coordinate vector r� is represented as a sum of the 2D

vector R� denoting the 2D lattice points with elementary cell
in each site of the monoatomic layer and of a small coordi-
nate vector �� changing inside the volume of the elementary
cell as follows:

r� = R� + �� , � dr� = �
R�
�

v0

d�� = �
v0

d2R�
a0

v0
�

v0

d�� .

�A8�

The periodic parts of the Bloch functions do not depend on R�

because Uc,s,g
� �R� +���=Uc,s,g

� ���� and Uv,p,�,q
� �R� +���=Uv,p,�,q

� ����.
Since the oscillator-type wave functions of the Landau quan-
tization are localized on the size of the order l0 much greater
than a0, their dependences on � can be neglected, so that

�n,q�Ry + �y� � �n,q�Ry� . �A9�

Small corrections of the order a0 / l0 were not taken into ac-
count.
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The dependence of the plane-wave functions on both co-

ordinates R� and �� is taken into account providing the mo-
mentum conservation in x direction. In this way one can
integrate separately over v0 the periodic parts of the Bloch
functions keeping their derivatives, so as to avoid their or-
thogonality. It leads to the integration over the 2D space of
the envelope wave functions alone without derivative opera-
tor. As a result we obtain

A�nc,g;nv,q;k�� = kr�q,g − kx�

�	�nc,g;nv,g − kx;ky�Pcv�ky,g� ,

B�nv,q;nc,g;k�� = A��nc,g;nv,q;− k��

= kr�q,g + kx�	��nc,g;nv,g + kx;− ky�

�Pcv
� �− ky,g� . �A10�

The function 	�nc ,g ;nv ,q ;ky� has the meaning of the nor-
malization and orthogonality integrals, when k� =0, and gives
rise to quadrupole corrections proportional to kl0 when the
quantum numbers ne and nv differ by unity, ne=nv�1. They
are important in the case of quadrupole-active optical quan-
tum transitions. This function is

	�nc,g;nv,g − kx;ky�

=� dRy�nc

� �Ry − gl0
2��nv

	Ry − �g − kx�l0
2
eikyRy

= eikygl0
2� dy�nc

� �y��nv
�y + kxl0

2�eikyy . �A11�

With all these being taken into account, the electron-photon
Hamiltonian can be presented in the form

Ĥe-rad = �−
e

m0
� �

k��kx,ky,kz�

�2��

V�k
�

nc,nv

�
g

�Pcv�ky,g�	�nc,g;nv,g − kx;ky��	Ck�,−��� k�
+ · �� 1� + Ck�,+��� k�

− · �� 1�
a1/2,nc,g
† a3/2,nv,g−kx

+ 	Ck�,−��� k�
+ · �� −1� + Ck�,+��� k�

− · �� −1�
a−1/2,nc,g
† a−3/2,nv,g−kx

� + Pcv
� �− ky,g�	��nc,g;nv,g + kx;− ky�

��	Ck�,−��� k�
+ · �� −1� + Ck�,+��� k�

− · �� −1�
a3/2,nv,g+kx

† a1/2,nc,g + 	Ck�,−��� k�
+ · �� 1� + Ck�,+��� k�

− · �� 1�
a−3/2,nv,g+kx

† a−1/2,nc,g�

+ Pcv�− ky,g�	�nc,g;nv,g + kx;− ky��	�Ck�,+�†��� k�
+ · �� 1� + �Ck�,−�†��� k�

− · �� 1�
a1/2,nc,g
† a3/2,nv,g+kx

+ 	�Ck�,+�†��� k�
+ · �� −1�

+ �Ck�,−�†��� k�
− · �� −1�
a−1/2,nc,g

† a−3/2,nv,g+kx
� + Pcv

� �ky,g�	��nc,g;nv,g − kx;ky��	�Ck�,+�†��� k�
+ · �� −1�

+ �Ck�,−�†��� k�
− · �� −1�
a3/2,nv,g−kx

† a1/2,nc,g + 	�Ck�,+�†��� k�
+ · �� 1� + �Ck�,−�†��� k�

− · �� 1�
a−3/2,nv,g−kx

† a−1/2,nc,g�� . �A12�

APPENDIX B: SECOND-ORDER MATRIX ELEMENTS

The second-order matrix elements Z�i �F� are calculated using a general formula,

Z�i�F� = �
u

i�Her�u�u�HC�F�
Ei − Eu

. �B1�

It has the following concrete realizations:

Z�i, � ,↑�F,− ,↑� = �
�u,−,↑�

i, � ,↑�Ĥer�u,− ,↑�u,− ,↑�ĤC�F,− ,↑�
Ei,↑ − Eu,−,↑

= ���
Q�
�

· �� −1�Z�− ,k�ex − Q� 2D,↑,T,R� ,

Z�i, � ,↑�F, + ,↑� = �
�u,+,↑�

i, � ,↑�Ĥer�u, + ,↑�u, + ,↑�ĤC�F, + ,↑�
Ei,↑ − Eu,+,↑

= ���
Q�
�

· �� 1�Z�+ ,k�ex − Q� 2D,↑,T,R� . �B2�

Here Z�� ,k�ex−Q� 2D , ↑ ,T ,R� denoted the following expressions:

EXCITON-CYCLOTRON RESONANCE IN… PHYSICAL REVIEW B 79, 125425 �2009�

125425-15



Z�− ,k�ex − Q� 2D,↑,T,R� = 2�−
e

m0
� eiky�kx/2−Qx�l0

2

�N
�2��

V�Q

kr�Qx + T,kx + R�

	��Q − Eg − 1
2��c
 − � 3

2gh − 1
2ge�
BH
�f

Pcv
� �Qy, f�eikyfl0

2

�	��0, f ;0, f − Qx;Qy�	Fe-e�0,kx − Qx + R;0, f ;1,R;0,kx − Qx + f�

− Fe-e�0, f ;0,kx − Qx + R;1,R;0,kx − Qx + f�
 �B3�

and

Z�+ ,k�ex − Q� 2D,↑,T,R� = �−
e

m0
� eiky�kx/2−Qx�l0

2

�N
�2��

V�Q

kr�Qx + T,kx + R�

	��Q − Eg − 1
2��c
 + � 3

2gh − 1
2ge�
BH
�f

Pcv
� �Qy, f�eikyfl0

2

�	��0, f ;0, f − Qx;Qy�Fe-e�0, f ;0,kx − Qx + R;0,kx − Qx + f ;1,R� . �B4�

Another second-order matrix elements are

Z�i, � ,↓�F,− ,↓�

= �
�u,−,↓�

i, � ,↓�Ĥe-rad�u,− ,↓�u,− ,↓�ĤC�F,− ,↓�
�Ei↓ − Eu,−,↓�

= ���
Q�
�

· �� −1�Z�− ,k�ex − Q� 2D,↓,T,R� ,

Z�i, � ,↓�F, + ,↓�

= �
�u,+,↓�

i, � ,↓�Ĥe-rad�u, + ,↓�u, + ,↓�ĤC�F, + ,↓�
�Ei↓ − Eu,+,↓�

= ���
Q�
�

· �� 1�Z�+ ,k�ex − Q� 2D,↓,T,R� . �B5�

The coefficient Z�−,k�ex−Q� 2D , ↓ ,T ,R� describes the case
when optically created electron has an opposite spin projec-
tion with regard to the background electron; it contains the
contribution of the direct Coulomb interaction and has the
denominator determined by the difference �Ei↓−Eu,−,↓�. It is

similar to the coefficient Z�+,k�ex−Q� 2D , ↑ ,T ,R� because in
this case the optically created electron has a spin projection
sz=− 1

2 , which is antiparallel to the spin projection of the
background electron sz= 1

2 . The last coefficient also depends
only on the direct Coulomb interaction. Its denominator co-
incides with the previous case when the Zeeman splitting is
neglected. In the same way the coefficients Z�+,k�ex

−Q� 2D , ↓ ,T ,R� from Eq. �B5� and Z�−,k�ex−Q� 2D , ↑ ,T ,R�
from formula �B3� reflect the situations with two parallel
electron spins. In the former case they both correspond to
sz=− 1

2 ; in the latter case they are equal to sz= 1
2 . As a result

both coefficients depend on the Coulomb direct and ex-
change interactions. These two coefficients equal exactly
each other when the Zeeman splitting is neglected.

As was mentioned in Appendix A the matrix element
Pcv�Qy , f� depends on f . When its value changes in the whole
Brillouin zone, the constant approximation for Pcv�Qx , f�
proposed by Elliott26 in the case of the allowed band-to-band
quantum transitions can be insufficient. Nevertheless we will
use it because the Coulomb matrix elements taking part in
the summation on f are quickly decreasing functions of f .

Using property �A11� of the integral 	�0, f ;0 , f −Qx ;Qy�
=eifQyl0

2
	�0,0 ;0 ,−Qx ;Qy� and neglecting the difference of

	�0,0 ;0 ,−Qx ;Qy� from unity we simplified the sums on f in
formulas �B3� and �B4� as follows:

�
f

Pcv
� �Qy, f�	��0, f ;0, f − Qx;Qy�eikyfl0

2

�	Fe-e�0,kx − Qx + f ;0, f ;1,R;0,kx − Qx + f�

− Fe-e�0, f ;0,kx − Qx + R;1,R;0,kx − Qx + f�


� Pcv
� �

f

ei�ky−Qy�fl0
2

�	Fe-e�0,kx − Qx + R;0, f ;1,R;0,kx − Qx + f�

− Fe-e�0, f ;0,kx − Qx + R;1,R;0,kx − Qx + f�


= Pcv
� 	H�k�ex − Q� 2D;R� − F�k�ex − Q� 2D;R�
 , �B6�

where

H�k�ex − Q� 2D;R� = �
f

ei�ky−Qy�fl0
2
Fe-e

��0,kx − Qx + R;0, f ;1,R;0,kx − Qx + f�

= ei�ky−Qy�Rl0
2
H�k�ex − Q� 2D�F�k�ex − Q� 2D;R�

= �
f

ei�ky−Qy�fl0
2
Fe-e�0, f ;0,kx − Qx

+ R;1,R;0,kx − Qx + f�

= ei�ky−Qy�Rl0
2
F�k�ex − Q� 2D� . �B7�

The last functions H�k�ex−Q� 2D� and F�k�ex−Q� 2D� are de-

rived below. The Q� 2D vector is the projection of the 3D wave

vector Q� on the plane of the layer.
The direct Coulomb interaction in the first sum 	Eq. �B7�


and the exchange Coulomb interaction in the second sum
	Eq. �B7�
 are derived in Refs. 21 and 22 and have the form

Fe-e�0,p;0,q;1,p − s;0,q + s�

= �
�

Ws,� exp	i��p − q − s�l0
2


�s + i��l0

�2
, �B8�

where
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Ws,� = Vs,� exp�−
�s2 + �2�l0

2

2
� ,

Vs,� =
2�e2

�0S�s2 + �2
, �B9�

and �0 is the background dielectric constant. Taking into ac-
count that

�
f

exp	if�ky − Qy − ��
 = Nkr��,ky − Qy� , �B10�

we obtain

H�k� − Q� 2D,R� = e�iky−Qy�Rl0
2
H�k� − Q� 2D� , �B11�

where

H�k� − Q� 2D� = Il exp�−
�k� − Q� 2D�2l0

2

2
�

�
	�kx − Qx� + i�ky − Qy�
l0

���k� − Q� 2D�l0

. �B12�

Here Il is the ionization potential of the magnetoexciton with
wave vector k� =0; Il=

e2

�0l0
��

2 .

The calculation of the expression F�k� −Q� 2D� leads to the
sum

F�k� − Q� 2D� = �
t,�

Wt,�exp�i	�ky − Qy�t − ��kx − Qx�
l0
2�

�
�t + i��l0

�2

= �
P�

WP� exp�i
	P� � �k� − Q� 2D�
zl0

2

2
��Px + iPy�l0

�2
.

�B13�

Using the series expansion on the Bessel function,27

eiz sin � = J0�z� + 2�
k=1

�

J2k�z�cos�2k��

+ 2i�
k=0

�

J2k+1�z�sin	�2k + 1��
 ,

we obtained

F�k� − Q� 2D� = − Il

�k� − Q� 2D�l0

2�2
exp�−

�k� − Q� 2D�2l0
2

2
�

�1F1�1

2
,2,

�k� − Q� 2D�2l0
2

2
� , �B14�

where 1F1�a ,b ,x� is the confluent hypergeometric function.25

The square of the absolute values of the functions H�k�
−Q� 2D� and H�k� −Q� 2D�−F�k� −Q� 2D� are

�H�k� − Q� 2D��2 =
Il

2

�
exp	− �k� − Q� 2D�2l0

2
 , �B15�

�H�k� − Q� 2D� − F�k� − Q� 2D��2

= Il
2 exp	− �k� − Q� 2D�2l0

2


�� 1

�
+

�k� − Q� 2D�2l0
2

8
�1F1�1

2
,2,

�k� − Q� 2D�2l0
2

2
��2

+
�kx − Qx�l0

�2�
1F1�1

2
,2,

�k� − Q� 2D�2l0
2

2
�� .

They will be used for the calculation of the probabilities of
the quantum transitions and of the absorption band shapes.
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